Effects of Exchange Symmetry on Full Counting Statistics 
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We study the full counting statistics for the transmission of two identical particles with positive 
or negative symmetry under exchange for the situation where the scattering depends on energy. We 
find that, besides the expected sensitivity of the noise and higher cumulants, the exchange symmetry 
has a huge effect on the average transmitted charge; for equal-spin exchange-correlated electrons, 
the average transmitted charge can be orders of magnitude larger than the corresponding value for 
independent electrons. A similar, although smaller, effect is found in a four-lead geometry even for 
energy-independent scattering. 
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I. INTRODUCTION 

Full counting statistics provides the ultimate informa- 
tion on the statistics of charge transport in mesoscopic 
systems. The first study of this typei already provided a 
surprising result, a (quantum 2 -^) binomial distribution 
of charges, telling that the flux of incoming electrons 
is regular (a consequence of exchange correlations) and 
the scattering events are independent. This result ap- 
plies to the situation where the scatterer is character- 
ized by an energy-independent transmission and for a 
constant applied voltage. The modification due to adi- 
abatic pumping^ leaves the binomial result largely un- 
changed. Recently, much interest has concentrated on 
single particle sources feeding devices with individual 
electrons j5iSi2i2iS such single particle excitations are gen- 
erated by (unit-flux) voltage pulses. Again, it turns out 
that the full counting analysis remains binomial when the 
system is driven by such voltage pulses.— These findings 
make explicit that exchange correlations are absent in 
the (energy-independent) scattering process. In this let- 
ter, we demonstrate that exchange effects manifest them- 
selves when single particle sources inject electrons into 
devices with energy dependent scattering. 

The analysis of a setup with energy-dependent scat- 
tering and driven with a constant voltage has unveiled 
sensitivity to exchange in the noise but not in the aver- 
age current^ Furthermore, exchange effects in the noise 
were found in the statistics of two particles escaping from 
a dot at short tiniest and for two electrons traversing a 
reflectionless symmetric beam splitter—. Here, we show 
that applying voltage pulses in the incoming lead and 
injecting individual particles produces non-linear trans- 
port due to exchange effects; i.e., a twice larger voltage 
pulse docs not double the transmitted charge and hence 
the average current is sensitive to the exchange symme- 
try. Note that voltage pulses applied across the device 
are not expected to generate single particle excitations. 

The discussion of full counting statistics in the presence 
of an energy-dependent scattering is difficult to conduct 
in a second-quantized formalism. On the other hand, 
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FIG. 1: Contour plots for the two-particle wave functions 
|^i»,±(fa., fo)| 2 with vanishing separation Sx between the par- 
ticles. The three processes with 0, 1, and 2 particles transmit- 
ted draw their weight P n , n — 0, 1,2, from the (shaded) re- 
gions labelled with 0, 1, and 2 (shown is the case for the quan- 
tum point contact, with a Lorentzian wave function Eq. ([7J.) 



the recent insight regarding the correspondence between 
fidelity and full counting statistics^ has enabled a first- 
quantized approach based on a wave-packet formalism. 
Here, we make use of this new approach in our inves- 
tigation of exchange effects on the full counting statis- 
tics of charge transport and find interesting new results: 
while it is expected that the noise as well as higher-order 
correlators will be sensitive to the exchange symmetry, 
we find the astounding result that exchange can hugely 
enhance (or suppress) the average charge already. The 
effect is a consequence of the symmetry-induced reshuf- 
fling of weight in the momentum distribution of the two- 
particle wave function, see Fig. [TJ combined with the 
energy dependence of the scattering matrix: the anti- 
symmetry under exchange moves weight away from the 
(Pauli-blocked) diagonal, which typically leads to an en- 
hancement in the scattering channel transmitting one 
particle, at the expense of the channel where both par- 
ticles are reflected. In a multi-channel/multi-lcad setup 
the effect appears already for energy-independent trans- 
mission amplitudes. 
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II. SINGLE LEAD 
A. First Quantized Picture 

We start with the discussion of a quantum wire with 
one conducting channel, cf. Fig. Ufa). The task is to 
find the full counting statistics of the charge transport 
through a scatterer with an energy-dependent transmis- 
sion amplitude located at x — x s . Using the wave-packet 
formalism of Ref . 1 1 3l. we calculate the generating function 
for the full counting statistics for two incoming particles, 
the simplest case exhibiting the effect of exchange sym- 
metry. The incoming particles are described by two wave 
packets of the form 



Jo 2tt 



ik(x—vpt) 



(i) 



with the Fourier components fi(k) and The nor- 

malization of the wave packets in momentum space reads 
f (dk/2ir)\f m (k)\ 2 = 1. At low temperatures the interest- 
ing physics takes place near the Fermi points and we can 
use a linearized spectrum e = v F \k\ with the Fermi veloc- 
ity v F , the momentum hk and the energy he. Traversing 
the scatterer, the wave packet, Eq. ([1]), acquires a re- 
flected and transmitted term 



, /'out,m( a ') 



dk 
2^ 



f m (k)e' 



-ikv-pt 



r k e- lkx Q(x s - x) 



+ e t ^ 2 T k e tkx G(x-x s )], (2) 



where r k (r k ) is the transmission (reflection) amplitude 
and we have introduced a counting field exp(icrA/2) 
in the transmitted part; the sign a = ±1 differenti- 
ates between the forward- and back-propagating wave- 
functions required in the wave-packet formalism of full 
counting statistics, cf. Ref. [H. The properly (anti)sym- 
metrized two-particle wave functions assume the form 
i &x t ±(x 1 ,X2',t) (x ip x s(x 1 ;t)^ 2 (x2;t) ± (xi <-> x 2 ) with 
x = in, out (see, Fig. [He); throughout the paper, the 




FIG. 2: (a) Single channel quantum wire driven inductively 
(IS) with a nearby current Iv(t). Two Lorentzian voltage 
pulses V(t) — LIv/c drive the wave packets ipi and %p2 with 
overlap S. The scatterer at x — x B gives rise to a momentum- 
dependent transmission probability Th ■ (b) Three lead fork 
geometry with incoming wave packets in leads 1 and 2 and 
the counter (black box) in lead 3. (c) Reflectionless four-lead 
beam splitter; the incoming wave packets in leads 1 and 2 
undergo a reflectionless transmission into leads 3 and 4. 
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FIG. 3: Normalized average charge q — Q/2e(T) transmitted 
through a transmission step (left) and a transmission reso- 
nance (right). The step/resonance is placed at a distance ko 
away from the Fermi momentum k F , £ is the width of the 
wave packets in real space, and Sx denotes the separation be- 
tween the wave packets. The top (bottom) figures show the 
average transmitted charge for particles with negative (posi- 
tive) exchange symmetry. Note the huge enhancement in the 
average transmitted charge in the limit 8x — » and fco£ > 1 
for the case of negative exchange. 



subscript '±' refers to the exchange symmetry, e.g., for 
two electrons this corresponds to the triplet or singlet 
states). The transport statistics is described by the gen- 
erating function X±W 
obtain the result 



I d Xl dx 2 tfo^i* and we 



± 



[l + (e^-l)<l|T|l)][l + (e^-l)<2|T|2)] 



1±|5| 2 

[S + (e* A - 1)(1|T|2)] [S* + (e lX - 1)<2|T|1>] 



1±|S|* 



(3) 



with the matrix elements (n\T\m) = J(dk/2ir)f*(k)T k 
f m {k) involving the transmission probability T k = \T k \ 2 
and the overlap integral S = J (dfc/27r)/ 1 *(/c)/ 2 (fc)^ The 
Fourier transform P n = J(dA/27r)x(A)e~ lA ™ yields the 
probability P n for transmitting n particles. 

For energy-independent transmission amplitudes r k = 
r, the exchange term in Eq. ([3]) cancels with the denom- 
inator and the counting statistics does not dependent on 
the exchange symmetry of the particles. This property 
is particular to the one-dimensional wire; in a multi-lead 
setup, this cancellation does not occur and interference 
terms can be observed even for energy-independent scat- 
tering amplitudes, see below. 

On the contrary, for an energy- dependent transmis- 
sion, the exchange term has a dramatic effect on the 
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statistical properties of the transferred charge. To keep 
the discussion simple, we consider the case of two in- 
cident wave packets with the same momentum distri- 
bution separated in position. Given the initial sepa- 
ration Sx, the Fourier components of the wave pack- 
ets satisfy f 2 (k) = h{k)e~ lkSx and thus, (1|T|1) = 
(2|T|2) = (T) = f(dk/2ir)T k \f 1 (k)\ 2 . The overlap inte- 
gral S = J (dk/2n)\fi(k)\ 2 exp(ik5x) is the Fourier trans- 
form of the distribution in momentum space. The trans- 
mission probabilities P n ,± are given by Q~J n P n ,± = 1) 



Pt 



o,± 



Pi, 



P2,± = 



(l-(T)) 2 ±\S-(l\T\2)\ 2 

1±|S| 2 
o <T)(l-(T))±[Re«l|T|2)5* 



|(1|T|2)| S 



1±|SI : 



1±|S| 2 



(4) 



they depend on the exchange symmetry provided that 
(1|T|2) 7^ S(T). These transmission probabilities are 
easily converted into cumulants of transmitted charge 
Q = J dtI(t)J£ For two particles incident on the scat- 
terer, the first two cumulants read (e denotes the charge 
of the particles) 

(Q/e)± = Pi,± + 2P 2) ± 
«(QA0 2 »± = Pi,±(l - Pi,±) + 4F 2 ,±Po,± (5) 

and we find both depending on the exchange symmetry. 
While interference terms in the noise ((Q 2 )) due to the 
exchange symmetry of electrons are expected and have 
been found before ; 10 ^ 1 ' 12 here, we find that already the 
transmitted charge (Q) is sensitive to the exchange sym- 
metry. 

For a quantitative analysis of the effect, we need to 
specify the shape j\ of the wave packets as well as 
the energy dependence Tfc of the transmission probabil- 
ity. Rather than postulating trivial Gaussian wave pack- 
ets, here, we consider a more realistic situation where 
the wave packets are deliberately created by voltage 
pulses. The creation of such single-particle excitations 
requires voltage pulses of unit fluxpi $o = hc/e and with 
Lorentzian shaped V tl (t) = -(2v F ^ /c)/[v 2 ,(t - ii) 2 + 
£ 2 ], where we conveniently express the pulse duration 
£/i> F through the length parameter £. Such a voltage 
pulse generates a wave packet with amplitude [x\ = v F t±) 



h(k) 



-ikx 



and a Lorentzian shape in real space, 



m 2 



(x — x\ — v F t) 2 + £ 2 ' 



(6) 



(7) 



cf. Appendix [XJ 

For two wave packets separated by Sx we obtain an 
overlap integral S = e~ ikFSx /{l + idx/2g). 



Next, we concentrate on the scatterer where we con- 
sider two generic types: (i) for a sharp transmission res- 
onance, e.g., due to a double barrier, the energy depen- 
dent transmission probability assumes the form X£ es = 
a/[l + (3 2 (k — k F — ko) 2 ] where a < 1 is the amplitude 
of the resonance and ko > is its position relative to 
the Fermi wave vector k F . The width /3 _1 of the reso- 
nance has to be much smaller than the width £ _1 of the 
wave packet in fc-space, <C The transmission 

probability (T rcs ) for a single wave packet with ampli- 
tude fi{k) assumes the form (T rcs ) » (2na^/ (3)e- 2 ^ k ° for 
/3 _1 -c ko, i.e., a resonance away from the Fermi level. 
While a small parameter ko£, produces a large overall 
signal, it does suppress the effect of exchange symmetry 
since the transmission is already saturated, hence, below 
we will be interested in intermediate and large values of 
kot;. (ii) For a (sharp, /3 -1 <C C" 1 ) transmission step, 
e.g., due to a quantum point contact, we use the Kemble 



function^ T, 



qpc _ 



-/3(fc-fc 



f feo)j producing the av- 



-2ffe . 



note 



eraged transmission probability (T c ip c ) ae 
that the small prefactor £/(3 is absent in this case. 
For a sharp resonance, the exchange term assumes the 



simple form (l|T ros |2) 



-i(kF-\-ka)Sx 



(T res ) and its prod- 



uct with the overlap integral S* results in an expression 
oc exp(— ikoSx) independent of k F . The average trans- 
mitted charge, cf. Fig. [3J then exhibits oscillations in the 
separation Sx, 



(Q/eYl s = 2(T rcs ) (8) 

1 + (fe/20 2 ± [cos(k 5x) + (fa/2Q sin(fcofa)] 

X 1 + (Sx/20 2 ± 1 ' 

For wave packets with a large separation Sx 3> £, the ex- 
change term decays as (Sx)~ 2 and the transmitted charge 
is given by (Q/e) res = 2(T rcs ), independent on the sign 
of the exchange term. On the other hand, strongly over- 
lapping wave packets with Sx — > reproduce the result 
for independent particles (Q/e)+ s = 2(T ros ) for the sym- 
metric exchange. For the anti-symmetric case the trans- 
mitted charge 



(Q/e) res = 2(T res )(l - 2£fc + 2£ 2 fc 2 ) 



(9) 



is reduced for narrow wave packets, £/co < 1 and en- 
hanced for wave packets with £ko > 1; the reduction can 
be up to 50% for £ko = 1/2, while the increase is un- 
limited for £ko > Note that this increase is due to a 
large P\ - as Pi - vanishes. 

The quantum point contact yields almost identical re- 
sults: The off-diagonal matrix element assumes the form 
(l|yqpc| 2 ) m e-ifcofeg^qpc} and the interference term in 

P2 vanishes. The transmitted charge 



vqpc _ 



= 2(T q 



1 + {Sx/2£) 2 ± cos(fc fa) 
1 + (Sx/2£) 2 ± 1 



(10) 



again exhibits oscillations with k Sx, cf. Fig. [3J The var- 
ious limits discussed above are reproduced as well, ex- 
cept for the case of anti-symmetric exchange and strongly 
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overlapping wave packets, cf. ([9]), where the average 
transmitted charge now is given by 



{Q/e)^ c = 2<T < k >c )(1 + 2^K) 



(11) 



Eqs. ([9]) and ((11)) are the most striking results of our 
study: for a large parameter £fc the mean transmitted 
charge can be hugely increased as compared to the value 
expected for two independent wave packets. Note that 
the above results are valid in a regime where all relevant 
lengths remain below the phase breaking length L v . Fi- 
nally, we provide the expressions for the generating func- 
tion of the full counting statistics, 



xT =1 + (Q/e)T(e iX 
+ {T 



1) 



(12) 



rcsx2 (l±l)[(<W2£) 2 + l] 



{5x/2£) 2 + 1 ± 1 



(e lX - l) 2 , 



qpc 

x± 



= 1 + (Q/e)f c (e tX - 1) + (TiP c ) 2 (e a - l) 2 . (13) 



The above enhancements in are entirely due to 

Pi; there are two crucial elements in the game, Pauli 
exclusion and dispersive scattering. Dispersive scatter- 
ing generates broader wave functions and combined with 
Pauli exclusion we have a reduction in Pq and P2, and 
hence an increase in P\. However, different settings may 
be thought of where P2 is enhanced. E.g., a large P2,- 
(see ©) is obtained for wave packets with shifted am- 
plitudes /2(A)) = /i(fc + 8k) in fc-space and a large over- 
lap integral S combined with a transmission amplitude 
suppressing fc-values in the overlap region. A large en- 
hancement in the tunneling probability of two identical 
particles due to an enhanced P2 was also found by Suslov 
and Lebedev.— 



B. Second Quantized Picture 

In a second quantized picture, electronic excitations in 
the quantum wire are produced by a voltage pulse V(t) 
applied at x = 0^ If the time dependence of the volt- 
age is slow compared to the transition time of an electron 
through the loop, the potential can be considered as qua- 
sistatic. It can then be incorporated in the phase factor 
exp[i</>(t — x/v F )Q(x)], where v F is the Fermi velocity and 
the phase, 



he 



dt'V(t'), 



(14) 



is proportional to the flux <&(£). The solution iph,k(x; t) = 
exp[ik(x — v F t) + i(j)(t — x/v F )&(x)] of the time dependent 
Schrodinger equation^ is a plane wave with well-defined 
energy hv F k, left of the position of the voltage pulse, 
x < x s . The wave function iph,k(x;t) for x > can be 
decomposed into energy eigenmodes exp[ifc(a; — v F t)] of 
the free Hamiltonian 



/dk' 
-^U{k' - k)e 



ik' {x—v-pi) 



(15) 



where the transformation kernel 

U(q) = v F [ dte^ {t)+lqVFt 



(16) 



is the Fourier transform of the phase factor exp[i(j)(t)]. 
In the present work, we are interested in applying inte- 
ger flux pulses such that (j)(t — > 00) e 27rN as noninteger 
flux pulses do not produce clean single-particle excita- 
tions and lead to logarithmic divergences in the noise 
of the transmitted charge.^^ In the case of integer flux 
pulses, the behavior of exp[i0(t)] — > 1 for large times, 
t — > ±00, leads to a Dirac delta function 27r<5(<7). The 
remaining part U rcs (q) = U(q) — 2n8(q) is finite for a 
localized voltage pulse; 



U Ies (q) =v F / dt[e 



i<f>W 



1]< 



;iqv F t 



(17) 



The transformation U(k' — k) describes the scattering 
amplitude for the transition from a momentum state k 
(for x < 0) to the state k! (for x > 0) due to the applica- 
tion of the voltage pulse. The statement that the wave 
function is in the momentum state k' holds in the asymp- 
totic region, i.e., for observation points with x b s ^ 
The scattering matrix approach at the scatterer assign 
the momentum component k' a transmission amplitude 
tv for traversing the scatterer. Therefore, momentum 
eigenstates k incoming from the left assume the form 

^ k (x > x s ,t) = J ^-U(k' - ky k '^- v ^T k ,, (18) 

right of the scattering region. The states originating from 
the right do not enter the region where the voltage pulse 
is applied and consists of the incoming and the reflected 
part 



^R,fc(z > x s , t) = (e lkx + r k e lkx )e 



-ikv-pt 



(19) 



without any shift in energy. The time dependent field 
operator is given by 

/dk 
— [^,k{x;t)a k + ^ k (x;t)b k ] (20) 

in the region x > x s behind the scatterer; here, a k and b k 
denote fermionic annihilation operators for states com- 
ing from the left, right reservoir, respectively. Aver- 
aging the current operator, defined as I(x > x s ;t) — 
eh(^(x; t)d x ^(x; t) - [d x ^(x; t)]%(x; t)) /2im, over the 
Fermi reservoirs assuming the same Fermi distribution 
n{k) at the far right and left of the interaction region and 
integrating the ensemble averaged current over time, the 
average transmitted charge 



(Q/e)= J g<fc) J ^-K(k'-k)T k , 



(21) 



is obtained. It depends through the kernel K(q) = 
\U TCS (q)\ 2 +47n5(<?)Re[[/ ro s(0)l on different transmission 
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probabilities than incoming wave vector k; note that 
for U ICS (q) whose real part is not continuous near q = 0, 
Re[C/ rcg (0)] has to be replaced by the symmetric limit 
Re[C/ rc s(0 + is) + [7 rcg (0 - ie)}/2 (e -> 0). Equivalently, 
the kernel K(q) can be defined as 

K{q) = v 2 F [ dtdt'le^-^ - l]e l « UF (22) 



The first quantized result, (Q/e) = J(dk/2Tr)\f(k)\ 2 T k , is 
the same as the second quantized, Eq. (|2"Tj) . provided that 
f(dk'/2ir)n{k')K(k - k') = \f{k)\ 2 , where f{k) denotes 
the wave function in the first quantized picture. 

In a first step, we discuss a unit flux voltage pulse of 
Lorentzian shape V tl (t) = -(2v F £,h/e)/[v 2 .(t — ti) 2 + £ 2 ], 
v F £ 1 applied at time t\. The regular part of the 
transformation kernel is given by 



U^(q) = -2n(20e-^-^e(q), 



(23) 



where x\ — v F t\. The 6-function reflects the fact that 
the Lorentzian pulse only increases the energy of the in- 
dividual Fourier components. As we will discuss in Ap- 
pendix [A] the pulse produces a clean single particle ex- 
citation on top of the Fermi sea. Calculating 



tf Xl (<?) = (2tt) 2 2£ 2£e- 2 « 9 e(g) - 5{q) 



(24) 



and inserting the result in Eq. ([2Tj) yields the average 
charge transmitted, (for zero temperature with n(k) = 
0(fc F — k), i.e., temperatures ■& -C H£/v P ) 



(Q/e)x! = I dk I dk'2£ 2^e- 2 « (fc '- fc) e(fc'-fc) 

dk, 



5{k' - k) 



2tt 



h(k)\ 2 T k . (25) 



In the last step, we performed the integration over k and 
renamed the remaining variable of integration. Further- 
more, we dropped terms with k w 0. These terms cor- 
respond to the fact that the left states are shifted up in 
energy and therefore, currents from filled states on the 
right for small k values are not canceled by correspond- 
ing currents on the left. This is an unphysical artifact 
of the linear spectrum approximation which is only valid 
close to the Fermi point, k sa k F . Formally, one can cure 
the problem by setting the lower integration bound for 
the k integration to — oo whenever one integrates over the 
Fermi sea. The empty states are then shifted to k — > — oo 
and do not appear in the final result. Alternatively, the 
transmission probability T k can be set to for small val- 
ues of k. Eq. (j25|) is exactly the first quantized result for 
a wave packet of Lorentzian form, Eq. ©. More interest- 
ing than the single voltage pulse are two pulses separated 
by Sx = v F St = X2 — x\ as they produce two wave pack- 
ets and we expect interference terms to be found as in 
the first quantized formalism. For two pulses, the phase 
factor is a product of the phase factors of the individ- 
ual pulses. Therefore, the Fourier transformed function 



U XltX2 (q) is the convolution of the transformation func- 
tions for single pulses U xuX2 (q) = U Xl *U X2 (q), 

K?,*M ~ U^(q) - U^(q) = U%**UZ*{q) (26) 

= 2(2tt)(20 2 e - iq - iqixi+X2)/2 sin r q§x / 2 )Q( q ). 
ox 

In the expression for the transmitted charge, we need to 
know the kernel K given by 

K XuX2 (q) = K Xl (q) + K X2 (q) + 2{2nf ! (2£) 2 'e^Gfe) 
/ [facos( g fe/2)-2gsin( g fa/2)] 2 \ 

x \ 2 (5x) 2 l y {27) 

The first two terms correspond to the direct contribu- 
tion, the last term describes the interference. At zero 
temperature the average transmitted charge 



(Q/e) XuX2 = (Q/e) Xl + (Q/e) x 
+ 2 / dq2^e-^ q T kF+q 



(28) 



I — cos{q5x) — || sva.(q8x) 



= Pi,_+2P 2 ,_, 



for two Lorentzian voltage pulses separated by Sx is ob- 
tained. When comparing Eq. ([28)) to the first quantized 
result (dJ, it can be seen that the result in second quan- 
tization is the same as expected from the analysis in the 
first quantized picture for an antisymmetric wave func- 
tion. For a single voltage pulse with double flux, i.e. 
Sx = 0, the increase in the transmitted charge as seen 
in the first quantized formalism is confirmed. Moreover, 
applying a voltage pulse carrying even more flux quan- 
tum, leads to a further increase in the transmitted charge 
with respect to the independent particle picture, cf. Ap- 
pendix [B] 

So far, we considered only spinless particles. The elec- 
tronic spin 1/2 is included easily in the second quantized 
formalism. The summation over the spin degree of free- 
dom provides a factor of two for each cumulant; i.e., each 
voltage pulse excites two particles in the same spatial 
state. In the first quantized formalism, a single voltage 
pulse which excites two particles in the state ^i(x; t) can 
be described as a singlet 



^{x 1 ,x 2 ,t) = *i(aci,t)*i(a;2,t) 



ITD-UT) 
V2 



(29) 



Each of the two particles carries the same current and 
they are independent of each other which leads to a fac- 
tor two as in the second quantized formalism. Accord- 
ingly, two unit flux voltage pulses excite a four particle 
state involving the wave functions ^i^(x;t). The sec- 
ond quantized formalism leads a factor of two due to 
the spin degeneracy and an averaging over the energies 
of the antisymmetrized wave function ty-(xi,x 2 ; t) = 
[^ 1 (x 1 ;t)^ 2 (x 2 ,t) - (x 1 «-» x 2 )]]/y/2(l- \S\ 2 ). In first 
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quantization, the four-particle wave function with spin 
is given by 



i Sf(xi,X2,X3,XA,t) 
1 



(30) 



V6 



*_(ii,a; 2 ,t)*_(i3,a;4,*)(|TTU) + ll-LTT)) 
*_(aJi,S4,t)*-(x 2 ,a!3,t)(|rUT> + UTTi» 



As the spin is unimportant, we may integrate over the 
spin degrees of freedom and obtain a density matrix 
consisting of an equal mixture of the wave function 
i S-(xx,X2;t)^f-(xa,X4;t) and wave functions obtained 
by coordinate relabeling. Relabeling does not change 
the physics of independent particles. We can choose any 
one of the wave functions in the first quantized picture. 
Both the antisymmetry (W-) and the trivial factor of 
two (product of two wave functions) are now also visible 
in the first quantized language. The generating function 
X^± = X± 2 °f the full counting statistics for the four spin 
degenerate particles is the square of the spinless generat- 
ing functions x± of Eq. (fT2f . 

The procedure outline can also be carried out for dif- 
ferent forms of the voltage pulse. Note though that for 
pulses other than a Lorentzian voltage pulse there is no 
simple first quantized correspondence to the second quan- 
tized formalism. A unit flux voltage pulse is given by 



v(t) = ~ 2hfit)/e 

i + f(tr 



(31) 



with the requirement that f(t — > ±oo) — > ±oo; the 
Lorentzian voltage pulse, considered so far, is a special 
case obtained with f(t) = v F t/£. The phase factor as- 
sumes the form 



i<t>(t) 



/(*) 



/(*) 



(32) 



As an example we consider the voltage pulse given by 
f(t) = (v F t/t;) 3 which has a simple transformation func- 
tion U(q) = 2tt%) + U ICS (q) with 



U^(q) = -2n^[et*Q(-q) 
+ e-«"/ 2 [cos(V3£ 9 /2) 



V3s 



(33) 

i(V3fr/2)]0(g)] 



The part with positive momentum transfer, q > 0, cor- 
responds to an excited electron as we have seen for the 
simple Lorentzian pulse. The negative momentum in- 
dicates holes accompanying the electron. The kernel K 
assumes the form 



K{q) = (2tt) 



e 2iq Q(-q) 

e-t q [2 - cos(\/3£g) + VSsm{^q)}Q(q)] 
2(27r) 2 (2£)%)/3. 



(34) 



Plugging it in Eq. ([2Tj) , yields the average transmitted 
charge 



(Q/e) j dkT k [-e- 2 ^- k ^G(k F - k) 
+ e -«( fc - fcF ) (4 + cos[V3£(fc - fc F )] 
+ V3sin[\/3£(fc- k F )])0(k- fc F )l (35) 



at zero temperature. The part with the negative mo- 
mentum transfer carries a negative charge, hole, and the 
charge of the other part is positive and so the expected 
nature of excitations is confirmed. Note that in the case 
of a fully transparent wire (T& = 1), the average trans- 
mitted charge is exactly one electron e. 



III. MULTI-LEAD 

In a multi-lead setup, exchange effects can be found 
for an energy-independent scattering already. Here, we 
discuss the three-lead fork geometry and the four-lead 
reflcctionless beam splitter for two incoming particles in 
different leads 1 and 2 and hence vanishing initial over- 
lap. The wave packets are assumed to have a Lorentzian 
shape (J6j) and to impinge on the scatterer with a delay 
6t = Sx/v F . In the three-lead geometry, cf. Fig.^b), the 
generating function reads 

= 1 + T 3 (e lX - 1) + (1 ± |S| 2 )T 13 T 23 (e jA - l) 2 , (36) 

where T13 and T23 denote the transmission probabilities 
for particles incident from leads 1 and 2 and propagating 
into lead 3 (containing the counter) and T3 = T13 + T23. 
The probabilities 

K± = C 1 - T i3)(! - ± |S| 2 Ji3T 23 

PC± = Ti 3 (l - T 23 ) + (1 - T 13 )T 23 T 2|S| 2 T 13 T 23 

P£± = (1 ± |S| 2 )T 13 T 23 (37) 

depend on the exchange symmetry as long as T13T23 7^ 0. 



For Sx = the overlap integral S 



-ik F S. 



7(l + ifa/2£) 



becomes unity and hence P2,- = 0. Finally, the charge 
cumulants assume the form 



(Q/e) 



(38) 



(((Q/e) 2 ))^ = r 1 3(l-T 1 3)+T 2 3(l-r 2 3)±2|5| 2 T 13 T 2 3; 

effects due to exchange symmetry are limited to the 
charge noise which is enhanced (reduced) for the (anti-) 
symmetric case. For the reflectionless four-lead beam 
splitter with the counter in lead 3, Fig. (He), we obtain 
the generating function, probabilities, and moments in 
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the form 

x^ = i + [T 3 ±|5| 2 (r 3 -i)]( e lA -i) 

+ (I±|S| 2 )T 13 T 23 (e lA -I) 2 
P - ± = (1±|^| 2 )(1-T 13 )(l-T 23 ) 
P^ ± = (1 ± |S| 2 )[(1 - T 13 )T 23 + T 13 (l - Tas)] 

T|S| 2 
P 2 7 ± = (1 ± |5| 2 )T 13 T 23 

(g/ e )^ = (i±|^| 2 )T 3T |5| 2 

(((Q/e) 2 ))^ = (1 ± |5| 2 )[(1 - T 13 )T 13 + (1 - T 23 )T 23 
T |S| 2 (T 3 -1) 2 ]. (39) 

Particles with anti-symmetric exchange and Sx — ex- 
hibit no partitioning and the noise vanishes^ 2 - as P^i. = 
P%L = and Pi*- = 1, i.e., each of the incoming parti- 
cles is transmitted in a different outgoing leadJ^ In the 
nonsymmetric case T 3 ^ 1 (note that Ti 3 + = 1 and 
T14 = T 23 in the symmetric situation), an exchange ef- 
fect shows up already in the average transmitted charge 
(Q/ e )£=(l±|S| 2 )T 3 T|S| 2 . 

IV. EXPERIMENTAL VERIFICATION 

In order to observe exchange effects in an experiment, 
we propose to test for the predicted non-linearity in the 
transport: comparing the average transmitted charge 
for a single flux pulse with the one ((Q <2) )) in- 
jected with doubled voltage, our analysis predicts the 
non-trivial result (Q (2) )/2(Q (1) ) = 1 + 2^ 2 fcg, cf., Eqs. 
(fTTjl : for a transmission resonance, (Q (2) ) /2(Q (1) ) = 1 — 
2£k Q + 2£ 2 fc 2 , cf., Eqs. ©. Given a pulse length of dura- 
tion ~ 10~ 10 s, such an experiment requires a device with 
a phase coherence length beyond 10 fim and is preferably 
carried out on a quantum point contact where Coulomb 
effects are less prominent. In this case, we have to com- 
pare the spread in energy hv F /t; of the wave packet with 
the charging energy e 2 /C, where C ~ eL denotes the 
junction capacitance (L the length of the point contact). 
For a sharp transmission step, we have £/L < 1 small 
and the relation £/L < e(Hc/e 2 )(v F /c) can be satisfied. 

V. CONCLUSION 

In summary, we have studied effects of the exchange 
symmetry on the transport statistics in mesoscopic sys- 
tems. We find a strong dependence (and possibly huge 
enhancement) of the average charge transmission on the 
exchange symmetry, provided that the wave function 
sufficiently overlap. For antisymmetric exchange such 
overlap pushes weight of the two-particle wave function 
to higher energies and combined with the energy de- 
pendent scattering this leads to the observed enhance- 
ment. For multi-channel/multi-lead setups, exchange 
effects can already be observed for energy-independent 



scattering probabilites. There the origin of the effect is 
rooted in simple Pauli-blocking. Furthermore, we have 
proposed a experiment to test for the most striking ef- 
fect of exchange; the non-linearity in transport. 

We thank M. Indergand, A.V. Lebedev, M.V. Lebe- 
dev, and M.V. Suslov for discussions and acknowledge 
financial support from the CTS-ETHZ and the Russian 
Foundation for Basic Research (06-02- 17086-a). 



APPENDIX A: EQUIVALENCE BETWEEN THE 
FIRST AND SECOND QUANTIZED PICTURE 

Finally, we motivate the form (O for the fc-space ampli- 
tude ft (k) of the pulse-generated wave packet. In the adi- 
abatic limit, a voltage pulse V(t) applied at x = adds 
a phase <f>(t) = —(e/K) J_ dt'V(t'), e > 0, to the wave 
function across the origin^. We derive the scattering ma- 
trix Uk',k describing the transitions from k states at x < 
to k' states at x > 0. This is conveniently done in real 
space, where a particle described by the time-retarded 
state \x) with (x,t\x) = S(x — vpt) for x < evolves to 
exp[i(j)(— x/vp)]\x) at x > under the action of the volt- 
age pulse (x — x — v F t is the retarded variable). An ar- 
bitrary incoming state at x < then is transformed into 
the corresponding outgoing state at x > via the unitary 
scattering operator U — exp[z jdx<j){— x / v F )^ (x)^ (x)] 
with the time-retarded field operator *5>(x). We intro- 
duce the fermionic annihilation operators etfc, generat- 
ing basis states exp(ikx), and transform to /c-space via 
^(x) = J(dfc/27r) exp(ikx)ak to find the matrix elements 
U k ',k = U(k' - k) = v F Jdtexp[i(j)(t) + i(k' - k)v F t}. The 
scattering amplitude then relates to the amplitude fi(k) 
in © via U Xl (q) = -V^fi{k F + q) e ikpV ^ + 2Tr5(q), 
cf. Eq. ([23]) . The voltage pulse transforms the Fermi sea 
|$ F ) to |I> F ) = C/ Xl |$ F ); the calculation of the density 
matrix at zero temperature 

<$ P |4,a fc |§ F >=y -t^U*^' - k")U Xl {k - fc")6(fc F - k") 
= ^ F \a\,a k \^ F ) + .f*{k')h{k), (Al) 
involves the transformed annihilation operators 

/Hk' 
— U IC %k - k')a k , (A2) 

with U ICS (q) defined in Eq. (17]). It tells us that the 
voltage pulse leaves back a filled Fermi sea above which 
an excitation is created with an amplitude fi(k) given 
by Eq. ((6]). Furthermore, we find that the two-particle 
correlator ($ P |aj[a£,a fe ,a fe |$ F ) vanishes for k, k' > k F and 
hence pair-excitations are absent. To observe the effects 
of the exchange symmetry, the overlap integrals are im- 
portant. To create two particles, two pulses need to be 
applied in sequence, U = U X2 U X1 . A straightforward cal- 
culation shows that 
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<S> F \U Xi m x Jal,a k U X2 U Xl \<f> F ) = ($ F |al> fe |$ F ) 



dk" IfiWfSW) m')Iti.k")]\h{k)f2{k") - h{k)h(k")} 



2vr 



r 



i.e., the resulting state is the unperturbed Fermi system 
with an antisymmetrized two particle wave packet on top 
of it. Therefore, the first quantized picture can be used 
even for two voltage pulses resulting in a two particle 
wave function in the first quantized picture and Eq. (J3J) 
gives the full counting statistics of the two transmitted 
electrons. 



where T(n, xq) = J^°dxx n 1 e x denotes the incom- 
plete gamma function. The average charge transmitted 
is given by (Q/e) n = J (dk/2n)\f(k)\ 2 n T k . The result for 
the scattering resonance can then be calculated, 



APPENDIX B: MANY FLUX LORENTZIAN 
VOLTAGE PULSE 

Applying a Lorentzian shaped n flux voltage pulse 
V n (t) — — (2nv F £h/e)/[(v F t) 2 + £ 2 ], an even more drastic 
nonlinear effect is expected than found for the two par- 
ticle case. The phase factor exp[icf>(t)] is the n-th power 
of the single pulse phase factor. The Fourier transforma- 
tion of the phase factor can be carried out using Cauchy's 
formula. We obtain 



^(,) = 2 7 r(26e^e(,)^ rl! (- 1 ^ 2 ^ i " 1 



/ 



{l-l)W.(n-l)\ 



(Bl) 



The kernel is then given by 



K n (q) = -(27r) 2 n(2£)%) + (2tt) We~ 2?9 e(g) 
(n!) 2 (-l)'+ m (2£ g )'+ m - 2 
(I - l)!Z!(n - l)\(m - l)\m\(n - to)! 



E 

Z,m— 1 



(B2) 



To calculate the average transmitted charge, Eq. (|B2|) 
need to be integrated over the Fermi sea, c.f. Eq. (|2~Tj) . 
The averaging over the zero temperature Fermi sea leads 
to 



(Q/e) 2 = 2(T ICS )(l-2^k + 2ek 2 ) 
(Q/e) 3 = 3(T rcs )(l - 4^o + 8£ 2 fc 2 - 16£ 3 fc 3 /3 
+ 4^ 4 /3) 

(Q/e) 4 = 4(T rcs )(l - 6^o + 18£ 2 fc 2 - 68£ 3 fc 3 /2 

+ 14£ 4 fc 4 -4£ 5 fc 5 + 4£ 6 fc 6 /9), (B4) 

using the fact that the incomplete gamma function for 
integer n is expressible through a polynomial times an 
exponential. For the quantum point contact, the equiva- 
lent expressions read 



<Q/e) 2 = 2(r»> c )(l + 2£ 2 fc 2 ) 

(Q/e) 3 = 3(T™ C )(1 + 4£ 2 fc 2 - 8£ 3 fc a /3 + 4£ 4 fc 4 /3) 

(Q/e)i = 4{T™ c )(l + 6£ 2 fc 2 - 8£ 3 fc 3 + 22£ 4 fe 4 /3 

-8^ 5 fc 5 /3 + 4^fc 6 /9). (B5) 



\f(k)\l 



dk' 
~2^ 



n(k')K(k - k') = 27r(206(fc - k F ) 



V- (»!) 2 (-l)' +m r(Z + m-l,2£(fc-fc F )) 
2^ — 7177771 777771 7777777777 7777T ( B3 ) 



l,m— 1 



(l - l)U!(n - iy.(m - l)!m!(n - to)! 



Increasing the voltage, V n oc n, which corresponds to 
sending more electrons through the scattering region, 
there is a huge nonlinear increase in the transmitted 
charge if ^fc 3> 1. 
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